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Abstract
We prove that the test ideal is a strong test ideal whenever it commutes with completion.
Additional constructions of strong test ideals are considered. c© 2002 Elsevier Science B.V. All
rights reserved.
MSC: 13A35
1. Introduction
Strong test ideals were introduced by Huneke in 1989 [6]; he proved that strong
test ideals exist, provided that there exists a resolution of singularities. This approach
has also been followed in [2], where additional constructions of strong test ideals have
been obtained. The main purpose of this paper is to show that test ideals exist for
any complete local ring, or more generally for every local ring in which the test ideal
commutes with completion. This is known for example for Q-Gorenstein rings, and
for the localization of an N-graded ring at the maximal homogeneous ideal; see [7].
More precisely, in any such ring the test ideal  is also a strong test ideal. Moreover,
Aberbach and Enescu prove that ˜= AnnE 0∗ always commutes with completion; this
would provide a strong test ideal for every local ring.
Huneke’s main motivation for introducing strong test ideals was the following result:
Proposition 1.1. Let R be a characteristic p ring; and assume that R has a strong
test ideal T. Let n be the minimal number of generators of T. Then for every ideal
I and every x ∈ I∗, we have xn ∈ I .
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For a proof of this result, see [6]. In fact, Huneke proves a stronger statement: for
every ideal I and every x ∈ I∗; x satisEes an equation of integral dependence over I
of degree n.
Note that the result of this paper guarantees that we can End such a bound for the
equation of integral dependence that is satisEed by every x ∈ I∗, for every ideal I in
any local rind R: we can take n to be the number of generators of the test ideal of Rˆ,
which we know is a strong test ideal.
In certain classes of graded rings (see Propositions 4:7, 4:9, 4:10), we End strong
test ideals other than the test ideal itself. Strong test ideals also have the following
interesting property:
Proposition 1.2. Let R be a characteristic p ring; and assume that T = (c1; : : : ; cn) is
a strong test ideal. Then every ideal I with the property that I ⊃ (c1; : : : ; cn−1)I : cn
is tightly closed.
The proof of this result is essentially given in [6], but we include a proof for the
convenience of the reader, and also because the version stated here is stronger than
the one in [6].
Proof. Let I be such that I ⊃ (c1; : : : ; cn−1)I : cn, and assume that f ∈ I∗. Then
we must have cnf ∈ TI , or equivalently there exists an i ∈ I such that f − i ∈
(c1; : : : ; cn−1)I : cn, and f ∈ (c1; : : : ; cn−1)I : cn + I = I .
More recently, the existence of strong test ideals was used in [5] to give necessary
and suJcient conditions for tight closure to commute with localization.
2. Background
Throughout this paper, (R;m) denotes a local or graded Noetherian ring of char-
acteristic p¿ 0. If I = (f1; : : : ; fn) is an ideal I [q] denotes the ideal (f
q
1 ; : : : ; f
q
n). R0
denotes the set of elements in R which are not in any minimal prime of R.
Denition 2.1. An element x ∈ R is in the tight closure of I (x ∈ I∗) if there exists
c ∈ R0 such that for every q= pe0 we have cxq ∈ I [q], where I [q] = (fq1 ; : : : ; fqn).
An element c ∈ R0 is a test element if for every ideal I and all x ∈ I∗, we have
cx ∈ I∗.
The existence of test elements is a very profound result; they are known to exist in
a very general class of rings. The following theorem is proved in [4].
Theorem 2.2. Let R be a reduced excellent local ring. Then every element c ∈ R0
for which Rc is regular has a power cN which is a test element.
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Denition 2.3. Let R be a ring; assume that test elements exist. The ideal generated
by all the test elements is called the test ideal and is usually denoted .
Test ideals are rather well understood and can many times be computed explicitly,
especially in Gorenstein rings, where the test elements are those elements that work
in tight closure tests for ideal generated by parameters (see [8,9]). It is clear from the
deEnition that the test ideal has the following property: for every ideal I , I∗ ⊂ I . The
deEnition of a strong test ideal is just a stronger version of this property:
Denition 2.4. Let R be a characteristic p ring. An ideal T is a strong test ideal if T
is not contained in any minimal prime of R, and TI∗ = TI for every ideal I in R.
Clearly, a strong test ideal, if it exists, must be contained in the test ideal.
We will also need to consider the tight closure of submodules; if N ⊂ M , the
tight closure of N in M is denoted as N ∗M . In order to deEne the tight closure of a
submodule, we need to consider the Frobenius functor, F(M) = M ⊗R eR, where eR
is equal to R as a group, and has a bialgebra structure over R given by the usual
multiplication on the right, and induced by the Frobenius map f : R → R; f(x) = xp
on the left. The eth iteration of the Frobenius functor is denoted as Fe.
We have a canonical map M → Fe(M) given by u → u ⊗ 1. The image of u in
Fe(M) is denoted as uq, where q= pe (if M is a free module isomorphic to Rn, then
Fe(M) is isomorphic to Fe(R)n ∼= Rn; if u corresponds to (u1; : : : ; un), then uq will
correspond to (uq1; : : : ; u
q
n).
Denition 2.5. Let M be an R-module, and N ⊂ M a submodule. An element u ∈ M
is in the tight closure of N if there exists a c ∈ R0 such that uq ∈ Im(Fe(N )→ Fe(M))
for all e, where q= pe, and Fe(N )→ Fe(M) is induced by inclusion N ,→ M .
Note that the module M is not required to be Enitely generated in this deEnition. In
case M is not Enitely generated, one can also deEne the 6nitistic tight closure of N
in M , denoted as N ∗fgM .
Denition 2.6. N ∗fgM consists of all elements u ∈ M for which there exists a Enitely
generated submodule L ⊂ M such that u ∈ (N ∩ L)∗L. We say that N is tightly closed
in M in the Enitistic sense if N ∗fgM = N .
Our proof of the fact that the test ideal is the strong test ideal is based on the
following description of the test ideal:
Let (R;m) be a local ring with residue Eeld k, and let E denote the injective hull of
the residue Eeld E=ER(k). Then =AnnR(0
∗fg
E ). This is Proposition 8:23 in [3]. One
can also deEne ˜:=AnnR(0∗E), which a priori contained in , but they are conjectured
to be equal. Note that if (R;m) is complete, Matlis duality shows that 0∗fgE =AnnE(),
and 0∗E =AnnE(˜).
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3. Existence of strong test ideals
The following is the main result of this paper:
Theorem 3.1. Let (R;m) be a Noetherian local reduced ring of characteristic p in
which the test ideal commutes with completion; i.e. RRˆ= Rˆ. Then the test ideal  is
a strong test ideal.
This will follow as a particular case of the following theorem:
Theorem 3.2. Let (R;m) be a local ring; and let E denote the injective hull of the
residue 6eld. If T ⊂ R is an ideal not contained in any minimal prime; and with the
property that AnnE(T ) is tightly closed in the 6nitistic sense in E; then T is a strong
test ideal.
Proof. Let I be an arbitrary ideal of R. We need to show that TI∗ = TI , or in other
words I∗ ⊂ TI :T . This will follow once we know that the ideal TI :T is tightly closed.
In fact we claim that for any ideal I; I : T is tightly closed, so the proof of the theorem
follows by applying this fact to the ideal TI .
In order to prove that I : T is tightly closed, recall that an arbitrary intersection
of tightly closed ideal is tightly closed, and write I as an intersection of m-primary
ideals: I =
⋂
n In where In = I +m
n. Then we have I : T =
⋂
n(In : T ), and therefore it
suJces to prove the claim for m-primary ideals I . Moreover, any m-primary ideal can
be written as an intersection of m-primary irreducible ideals, so it suJces to prove the
claim for the case of an irreducible m-primary ideal I .
In this case, R=I is a Enite length module with 1-dimensional socle, and therefore
we have an inclusion R=I ,→ E. In order to prove that I : T is tightly closed in R it
suJces to prove that (I : T )=I is tightly closed in R=I . Note that (I : T )=I =AnnR=I (T ),
and we have
AnnR=I (T ) = R=I ∩ AnnE(T ):
Since AnnE(T ) is tightly closed in E in the Enitistic sense, it follows that its intersection
with R=I , which is a Enitely generated submodule of E, is tightly closed in R=I .
Now we can prove Theorem 3.1.
Proof. We need to show that I∗ = I for every ideal I . It is suJcient to prove that
the equality holds after we complete; in other words, we want to show that I∗Rˆ=I Rˆ.
We clearly have I∗Rˆ ⊂ (I Rˆ)∗, so we can replace R by Rˆ and I by I Rˆ. By assumption,
Rˆ is the test ideal of Rˆ, so we can call it .
Now we are in the following situation: (R;m) is complete local with test ideal ,
and we need to show that I∗ = I ; this follows immediately from Theorem 3.2
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Observation 3.3. If (R;m) is complete, Theorem 3.2 also shows that ˜ is a strong test
ideal, since Ann˜= 0∗E is Enitistically tightly closed.
Moreover, if (R;m) is such that ˜RRˆ= ˜Rˆ (this is shown to hold in great generality
in [1]), the same proof as above shows that ˜R is a strong test ideal for R.
Corollary 3.4. Let R be a reduced semilocal excellent ring; and let n be the maximum
of (Rˆm), where the maximum is taken over all maximal ideals m, and (J ) denotes
the minimal number of generators of an ideal J. Then for every ideal I and every
u ∈ I∗, we have
un ∈ Iun−1 + I 2un−2 + · · ·+ I n:
Proof. It suJces to check that the conclusion holds after we replace R by Rˆm for
every maximal ideal m. Since our assumptions imply persistence of tight closure, we
still have u ∈ (I Rˆm)∗ for every m.
Hence, we may assume that R is complete local, with test ideal  and the number
of generators of  is at most n. Let = (c1; : : : ; cn) by Theorem 3.1, we have u ⊂ I ,
hence for every i = 1; : : : ; n there exist aij ∈ I such that
xci =
n∑
j=1
aijcj:
Let A=(aij)=n×n matrix with entries in I ; then det(A−xIn)=0 provides an equation
of integral dependence of x over I of degree n.
4. Other constructions of strong test ideals
We have seen in Proposition 1.2 that knowing a strong test ideal (c1; : : : ; cn) will
allow us to conclude that all ideals containing (c1; : : : ; cn−1) : cn are tightly closed. In
view of this fact, it would be interesting to know more examples of strong test ideals,
even though the test ideal  is always the maximal strong test ideal, because some
other strong test ideal might produce a larger class of tightly closed ideals via this
construction.
The results in this section concentrate on the case when (R;m) is a Gorenstein local
ring. If x1; : : : ; xd is a system of parameters for R, one has the following description of
the injective hull of the residue Eeld:
E = lim→t
R
(xt1; : : : ; x
t
d)
;
where the maps in the direct limit are given by multiplication by x:=x1 · · · xd. Accord-
ing to Theorem 3.2, the annihilator of every Enitistically tightly closed submodule in
the injective hull will be a strong test ideal. We begin by looking at a more concrete
description of these annihilators.
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Notation. In the rest of this paper we use the following conventions: (R;m) is a
Gorenstein ring of Krull dimension d, x = x1; : : : ; xd is a system of parameters, and
(x) is the ideal generated by x. x denotes the product x1 · · · xd, and for all t ¿ 0, x[t]
denotes xt1; : : : ; x
t
d.
The basic fact that we need about Gorenstein rings is the following:
Fact 4.1. Let (R;m) be a Gorenstein local ring; and let x= x1; : : : ; xd be a system of
parameters for R. Then for any ideal I; we have
(x) : ((x) : I) = I + (x); and l
(
(x) : I
(x)
)
= l
(
R
I + (x)
)
:
In particular; if (x) ⊂ I , we have
(x) : ((x) : I) = I; and l
(
(x) : I
(x)
)
= l
(
R
I
)
:
(This is yet another particular case of Matlis duality.)
The following lemma is well-known, but we include a proof for convenience.
Lemma 4.2. Let (R;m) be a Gorenstein ring; and let x = x1; : : : ; xd be a system of
parameters. Let x[t] denote xt1; : : : ; x
t
d; and let x= x1 · · · xd. if J ⊃ (x) and I = (x) : J;
we have (x[t]) : J = (x[t]) + (x1 · · · xd)t−1I .
Proof. In view of the facts stated above (4:1), it is suJcient to prove that (x[t]) :
((x[t]) : J ) = (x[t]) : (x[t]; (x1 · · · xd)t−1I). The left-hand side of the desired equality is
equal to J , while the right-hand side is (x[t]) : (x1 · · · xd)t−1I = (x) : I = J , so the
equality holds.
Proposition 4.3. Let (R;m) be a local Gorenstein ring; and let N ⊂ E be a 6nitely
generated module. Then there exists a system of parameters x1; : : : ; xd for R; and an
ideal J such that
N ∗E = lim→t
((x[t]) : J )∗
(x[t])
:
The map in the direct limit system is multiplication by x = x1 · · · xd. Moreover; any
submodule of E of this form is tightly closed in E.
In particular; for every ideal J;
J :=
⋂
t
(xt1; : : : ; x
t
d) : [(x
t
1; : : : ; x
t
d) : J ]
∗
is a strong test ideal.
Proof. Let y1; : : : ; yd be a system of parameters for R. Recall that
E = lim→s
R
(ys1; : : : ; y
s
d)
:
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If N ⊂ E is a Enitely generated submodule, there exists an s such that
N ⊂ R
(ys1; : : : ; y
s
d)
⊂ E:
Let xi = ysi for all i. Then we can identify N with the image of I=(x1; : : : ; xd) in E,
where I = (f1; : : : ; fn) is an ideal containing (x1; : : : ; xd).
Equivalently, we can say that N is the image of the composite map
R
(x) : f1
⊕ · · · ⊕ R
(x) : fn
F→ R
(x)
,→ E;
where F(u1; : : : ; un) = f1u1 + · · ·+ fnun.
Consider an arbitrary element u ∈ E, represented by a class u ∈ R=(xt1; : : : ; xtd) for
some Exed value of t. By deEnition, we have u ∈ N ∗E if and only if there exists a
c ∈ R0 such that for all q; cuq is in the image of the map
R
((x) : f1)[q]
⊕ · · · ⊕ R
((x) : fn)[q]
Fq→ R
(xq)
,→ E;
where Fq(u1; : : : ; un) = f
q
1u1 + · · ·+ fqnun.
In other words, we can say that there exist elements si ∈ R such that cuq ∈ R=(x[tq])
and
∑
i sif
q
i ∈ R=(x[q]) have the same image in E, i.e. they have the same image in a
further term of the direct limit, say R=(x[tq+t
′]) for some t′ which may depend on q:
cuqxt
′
= x(t−1)q+t
′
(s1f
q
1 + · · ·+ snfqn)mod (xtq1 ; : : : ; xtq+t
′
d ):
Since the x’s form a regular sequence, one can conclude
cuq = x(t−1)q(s1f
q
1 + · · ·+ snfqn)mod (xtq1 ; : : : ; xtqd ):
In conclusion, an element u ∈ R=(x[t]) ⊂ E is in N ∗E if and only if there exists a c ∈ R0
such that
cuq ∈ x(t−1)q(fq1 ; : : : ; fqn) + (xtq)
for all q, hence
u ∈ (xt−1I + x[t])∗:
Lemma 4.2 allows us to conclude that
N ∗E = lim→t
(xt−1I + x[t])∗
(x[t])
= lim→t
((x[t]) : J )∗
(x[t])
;
where J = (x) : I .
This computation also shows that N ∗E = N
∗fg
E , since u ∈ R=(x[t]) is in N ∗E implies
that u is in N ∗R=(x[t]), where N = I=(x) embeds in R=(x
[t]) via multiplication by xt−1.
The last statement follows from the fact that J =AnnR(N ∗E ).
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Observation 4.4. For every ideal J we have (J : ) ⊂ J ⊂ J . In case J = (J : ),
this construction does not provide a “new” strong test ideal, since it is clear from the
deEnition that any multiple of a strong test ideal is a strong test ideal.
We are interested in describing some cases when J = J ; this equality holds for
example whenever (x[t]) : J is tightly closed for all t ¿ 0; it is in fact suJcient to
have this for all t0.
Proposition 4.5. Assume that (R;m) is a Gorenstein ring. Let x = x1; : : : ; xd be a pa-
rameter ideal. Assume that J is an m-primary ideal with the following two properties:
(1) (x) ⊂ mJ; and
(2) I = (x) : J is tightly closed.
Then J is a strong test ideal.
Proof. Let x[t] denote (xt1; : : : ; x
t
d). We need to show that (x
[t]) : J is tightly closed for
all t. It suJces to show that any nonzero element in the socle
(x[t]) : mJ=(x[t]) : J
is not in the tight closure of (x[t]) : J . The map
(x) : mJ
(x)
→ (x
[t]) : mJ
(x[t])
induced by multiplication by (x1 · · · xd)t−1 is injective, and is in fact an isomorphism,
since the two modules have the same length:
l
(
(x) : mJ
(x)
)
= l
(
R
(x) +mJ
)
= l
(
R
mJ
)
= l
(
(x[t]) : mJ
(x[t])
)
:
It follows that every element in the socle can be written mod (x[t]) as xt−1u for some
u ∈ R. If we let I = (x) : J , we have (x[t]) : J = (x[t]) + xt−1I (by Lemma 4.2), and
therefore if we assume that xt−1u ∈ ((x[t]) : J )∗, we can write
cx(t−1)quq ∈ (x[tq]) + x(t−1)qI [q]
for all q, or equivalently
cuq + iq ∈ (x[tq]) : x(t−1)q = (xq)
for some iq ∈ I [q], which shows that u ∈ I∗. Since I is tightly closed, this implies that
u ∈ I = (x) : J , hence xt−1u ∈ (x[t]) : J .
The previous result suggests that one can construct strong test ideals J by taking
a link (x) : I of an m-primary tightly closed ideal I , but it is not clear under what
circumstances is condition (1) satisEed.
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In the following, we study the obstruction to J = (x) : I being a strong test ideal,
and describe some more situations in which it can be concluded that J is strong test
ideal.
Proposition 4.6. Let (R;m) be a Gorenstein ring; and I an m-primary tightly closed
ideal. Let J = (x) : I; and for each t ¿ 0 de6ne
It = (x[t]) : J = (x[t]; xt−1I):
If I2 tightly closed; then It is tightly closed for all t ¿ 0; and J is a strong test ideal.
Proof. Let u denote a Exed socle generator for the ideal (x). It is suJcient to prove
that an element g ∈ It : m but g ∈ It cannot be in I∗t . We have
It : m ⊂ (x[t]; (x1; : : : ; xd)t−1) : m:
This last ideal can be computed explicitly. Let yi:=x1 : : : xˆi : : : xd. Then we have
(x[t]; (x1 · · · xd)t−1) : m= (x[t]) : m(x1; : : : ; xd)
= (x[t]; (x1 · · · xd)t−1u) : (x1; : : : ; xd)
= (x[t]; xt−1; xt−21 y
t−1
1 u; : : : ; x
t−2
d y
t−1
d u):
Therefore we can say that modulo It , every element in It : m has the form
g= xt−1f + xt−2u($1y1 + · · ·+ $dyd);
with f ∈ R, and $1; : : : ; $d units. Write g=xt−2g0, with g0=xf+u($1y1+ · · ·+$dyd),
and note that g ∈ It if and only if g0 ∈ I2, and g ∈ I∗t if and only if g0 ∈ I∗2 .
Next we would like to impose additional conditions on the ideal I , which allow us
to conclude that the only obstruction to J being a strong test ideal comes from possibly
having elements of the form
u($1y1 + · · ·+ $dyd)
in I∗2 , with the notations as in the proof of the previous proposition.
In other words, we ask the following: if g0=xf+u($1y1+ · · ·+$dyd) ∈ (x21 ; : : : ; x2d; xI)∗,
does it follow that f ∈ I∗? The next result describes some cases in which this question
has a positive answer.
Proposition 4.7. Let (R;m) be a standard graded Gorenstein ring of dimension d;
with nonnegative a-invariant. Let I be an ideal satisfying at least one of the following
conditions:
(1) I is an m-primary integrally closed ideal; with (x) ⊂ I a homogeneous system
of parameters consisting of elements of the same degree %; or
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(2) I is an m-primary tightly closed homogeneous ideal; with (x) ⊂ I a homogeneous
system of parameters consisting of elements of the same degree %; assume in
addition that I ⊃ m%(d−1).
With notations as in the proof of 4:6; if
g0 = xf + u($1y1 + · · ·+ $dyd) ∈ (x21 ; : : : ; x2d; xI)∗;
then f ∈ I .
Proof. u denotes a socle generator of the parameter ideal (x); the assumption on the
a-invariant means that the degree of u is at least the sum of the degrees of x1; : : : ; xd.
The proof of the graded BrianPcon–Skoda Theorem (see [10, Proposition 3:3]) shows
that
u ∈ (x1; : : : ; xd)d:
Fix a test element c ∈ R0 and write cuq = a1xq1 + · · · + adxqd. We can replace c by a
multiple such that cuq ∈ (x)qd for all q, and it follows that
ai ∈ (xq1 ; : : : ; xˆqi ; : : : ; xqd; (x)qd) : xqi ⊂ (xq1 ; : : : ; xˆqi ; : : : ; xqd; (x)q(d−1)):
Working modulo (x2q1 ; : : : ; x
2q
d ), we can conclude that for all i = 1; : : : ; d we have
cuqyqi ∈ (x2q1 ; : : : ; x2qd ; xq(x1; : : : ; xd)q(d−1));
and therefore xf + u($1y1 + · · ·+ $dyd) ∈ (x21 ; : : : ; x2d; xI)∗ implies that
cxqfq ∈ (x2q1 ; : : : ; x2qd ; xqI [q]; xq(x1; : : : ; xd)q(d−1));
and therefore
(∗) cfq ∈ I [q] + (x1; : : : ; xd)q(d−1):
It is now easy to see that if either one of the conditions (1) or (2) is satisEed,
then f ∈ I . Equation (∗) shows that f ∈ QI for all q, and the desired conclusion
follows in case (1). Assume we are in the situation in (2). We can assume that f is
homogeneous. If deg(f) ¿ (d − 1)%, we are done by the assumption I ⊃ m(d−1)%. If
deg(f)¡ (d − 1)%, then identifying homogeneous components in equation (∗) shows
that cfq ∈ I [q], and hence f ∈ I since I is tightly closed.
We can obtain a more precise statement if we impose additional assumptions on the
ring. The following result of [11] will be used in the sequel:
Theorem 4.8 (Smith [9–11]). Let R = R0 ⊕ R1 ⊕ · · · be a 6nitely generated graded
normal algebra over a perfect 6eld k = R0. If f1; : : : ; fn are homogeneous elements
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of degree at least %; g1; : : : ; gm are homogeneous of degree strictly less than %; and f
is homogeneous of degree %; f ∈ (f1; : : : ; fn; g1; : : : ; gm)∗ implies f ∈ (f1; : : : ; fn) +
(g1; : : : ; gm)∗.
Proposition 4.9. Let (R;m) be a normal Gorenstein graded ring of dimension 2; with
a-invariant equal to zero. Assume that m is the test ideal of R. Let I be an m-primary
tightly closed homogeneous ideal; and let % be the smallest degree of an element in I .
Assume that the ideal generated by the elements of degree % in I is m-primary; and
pick a homogeneous system of parameters x; y ∈ I consisting of elements of degree %.
Then J = (x; y) : I is a strong test ideal.
Proof. It suJces to show that I2=(x2; y2) : J=(x2; y2; (xy)I) is tightly closed. Assume
there is an element of the form g = xyf + $xu + (yu ∈ I∗2 , with $; ( ∈ k, where u
denotes the homogeneous socle generator for (x; y). The assumption on the a-invariant
means that u has degree 2%. Since xyf ∈ I∗2 implies f ∈ I , we may assume that at
least one of $ or ( is nonzero, hence we may assume that g is homogeneous of degree
3%. Since the elements in xyI have degree at least 3%, in follows (by Theorem 4.8)
that g ∈ (x2; y2)∗ + xyI = (x2; y2; xyI). The last equality follows because (x2; y2)∗ ⊂
(x2; y2) : m (m is assumed to be the test ideal), and since (x2; y2) is an irreducible
ideal, (x2; y2) : m is contained in any ideal strictly containing (x2; y2). In particular,
(x2; y2) : m ⊂ (x2; y2; xyI) (we cannot have xyI ⊂ (x2; y2), because then it would
follow that I = (x; y), which contradicts the assumption that I is tightly closed).
In the case of graded Gorenstein rings, there is yet another method for constructing
strong test ideals:
Proposition 4.10. Let R be a normal N-graded Gorenstein domain; R = R0 ⊕ R1 ⊕
R2 ⊕ · · · ; where R0 = K is a perfect 6eld of characteristic p.
Let m = R1 ⊕ R2 ⊕ · · · and assume that R = K[R1]. Assume that the test ideal 
has a minimal system of generators consisting of homogeneous elements of the same
degree %.
Let a be an ideal generated by a homogeneous system of parameters. Then for
any k ¿ 0; every ideal a : mk ⊂ I ⊂ a : mk+1 is tightly closed.
Proof. Fix a value of k, and consider a basis for the K-vector space
(a : mk+1)=(a : mk):
Let ek1; : : : ; ekNk denote elements of R which lift the elements of the basis to R. Then
we claim that ek1; : : : ; ekNk can be chosen homogeneous of the same degree; we shall
call their common degree dk .
We prove the claim by induction on k. Since a is irreducible, we have a : m=(a; e0),
with e0 homogeneous. Write a : m=(a; e0) : m=a : +(e01; : : : ; e0N0 ) with e01; : : : ; e0N0
homogeneous. It follows that for all i=0; : : : ; N0 there exists a minimal generator c ∈ 
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of degree % such that ce0i has the same degree as e0. Since this must hold for all i, it
follows that e01; : : : ; e0N0 have the same degree.
Assume that the claim is true for k, and write
a : mk+1 = a : mk + (ek1; : : : ; ekNk );
with ek1; : : : ; ekNk ∈ a : mk+1 \ a : mk homogeneous.
Since m is generated by forms of degree 1, for every i = 1; : : : ; Nk we can End a
ci ∈ R1 such that cieki ∈ a : mk \ a : mk−1, hence modulo a : mk ; cieki is equal to
a linear combination of ek−11; : : : ; ek−1Nk−1 with coeJcients in K . It follows that cieki
is homogeneous of degree dk−1, and therefore eki is homogeneous of degree dk−1 − 1
for all i, hence the claim follows by induction.
Any ideal a : mk ⊂ I ⊂ a : mk+1 is of the form
I = a : mk + (g1; : : : ; gn);
where g1; : : : ; gn are linear combinations of ek1; : : : ; ekNk , with coeJcients in K . There-
fore, g1; : : : ; gn are homogeneous of the same degree dk .
Since a : mk+1 is tightly closed, I∗ ⊂ a : mk+1; if I is not tightly closed, there is
an element f that is a linear combination of ek1; : : : ; ekNk with coeJcients in K , such
that f ∈ I∗.
Note that f; g1; : : : ; gn have the same degree. Theorem 4:8 implies f ∈ (g1; : : : ; gn)+
(a : mk)∗ = I .
As an immediate corollary of this result, we note that following:
Corollary 4.11. Let R be a normal N-graded Gorenstein domain; R=R0⊕R1⊕R2⊕· · · ;
where R0 = K is a perfect 6eld of characteristic p.
Let m = R1 ⊕ R2 ⊕ · · · and assume that R = K[R1]. Assume that the test ideal 
has a minimal system of generators consisting of homogeneous elements of the same
degree %.
If b is any m-primary irreducible ideal; for all k ¿ 1; every ideal I such that
b : mk ⊂ I ⊂ b : mk+1 is tightly closed.
Proof. Let b be an m-primary irreducible ideal, and let a ⊂ b be a homogeneous
parameter ideal; then there is an f ∈ R such that b= a : f.
For any h ∈ R; h ∈ I∗ ⇒ fh ∈ (a : mk + fI)∗. Since
a : mk ⊂ a : mk + fI ⊂ a : mk+1;
Lemma 4:10 implies that fh ∈ a : mk +fI , hence f(h− i) ∈ a : mk for some i ∈ I ,
and therefore h− i ∈ b : mk ⊂ I , so h ∈ I .
Corollary 4.12. Let R be a normal N-graded Gorenstein domain; R=R0⊕R1⊕R2⊕· · · ;
where R0 = K is a perfect 6eld of characteristic p.
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Let m = R1 ⊕ R2 ⊕ · · · and assume that R = K[R1]. Assume that the test ideal 
has a minimal system of generators consisting of homogeneous elements of the same
degree %.
Then for any k ¿ 1; any ideal J such that mk+1 ⊂ J ⊂ mk is a strong test ideal.
Proof. It is suJcient to prove that for every m-primary irreducible ideal b; b : J is
tightly closed. This follows immediately from Corollary 4.11.
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